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Boundary Conditions for Euler Equations
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The mathematical theory of boundary conditions is applied to Euler equations of gasdynamics to select ap-
propriate boundary conditions for numerical experiments. We begin with the presentation of the mathematical
analysis, namely, the so-called normal modes analysis. The nice feature of the theory is that appropriate boundary
conditions are characterized by an algebraic condition known as the uniform Kreiss’s condition. We illustrate this
by presenting a formal program that determines whether boundary conditions are appropriate. Finally, examples
of “good” and “bad” boundary conditions handled by the program are given.

Nomenclature

characteristic matrix
matrix of boundary conditions
sound speed of the fluid
reduced Lopatinskii determinant
dimension of the flow
identity matrix

= squareroot of —1
reduced left eigenvector
left eigenvector

unit vector

polynomial of degree two
pressure

reduced right eigenvector
right eigenvector
symmetrizing matrix
temperature

time variable

tangential velocity
reduced frequency
normal velocity

fluid velocity

vector in the kernel of B
normal coordinate

space variable

tangential coordinates
adiabatic exponent
Lopatinskii determinant
orthogonal wave vector
tangential wave vector
eigenvalue

normal wave number
wave vector

density

= complex frequency
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Q = reduced normal mode

w = normal mode

Subscripts

0,£ = numbering of (reduced) eigenmodes

1,2,3 = numberingof eigenvalues and eigenvectors
Superscripts

t = transposed of a vector (or a matrix)

small perturbation of a constant state

Fourier transform (of a function)

constant value (of a function)

~ = shifted quantity by a real (or purely imaginary)
number

I. Introduction

HE treatment of boundary conditions is known to be crucial

in some areas of computational fluid dynamics (such as turbo-
machinery, etc.). With regard to the choice of appropriate boundary
conditions, it remains quite mysterious and often relies only on re-
peated experiences. We focus here on Euler equations describing
inviscid compressible fluid flows. A similar approach to clarify the
choice of boundary conditions for Navier—-Stokes equations would
also be of interest, based on the work by Strikwerda,' for instance.
However, thisis beyondthe scope of this paper. Examples of suitable
boundary conditions and possible numerical treatments for Navier—
Stokes equations can be found in Refs. 2—4.

With regard to Euler equations, it is widely acknowledged that
the number of boundary data should coincide with the number of
incoming characteristics (see Ref. 5, for instance). This number is
determined by the nature of the boundary (inflow or outflow) and
the expected flow itself (subsonic or supersonic). There is some
indeterminacy for walls, which are “characteristic,” but the appro-
priate number of boundary conditions can easily be understood by
using geometrical arguments. However, the nature of boundary data
has hardly been discussed, exceptin some works dating back to the
1970s,*67 where the “dissipativeness” of several kinds of data is
examined. Dissipativenessrefers to a method based on Friedrichs’s
symmetrization technique and “energy estimates” (see Refs. 8—10).
Our purpose is to present a more systematic method that automati-
cally predicts whether given boundary conditionsare suitable. Here,
suitable is a short cut for the mathematical well-posed nature (i.e.,
continuous dependence of the solution on the data) of the corre-
spondinginitial boundary value problem. This well-posed condition
is a natural prerequisitebefore implementing a set of boundary con-
ditions. We emphasize that numerical instabilities also may arise,
even though the initial boundary value problem is theoretically well
posed. This depends on the way of coding the boundary condi-
tions, which is a more involved problem.!!2 Here, we concentrate



BENZONI-GAVAGE, COULOMBEL, AND AUBERT 57

on selecting boundary conditions that yield theoretical well-posed
problems. The method we draw the attention to has been known for
along time in the theory of hyperbolic partial differentialequations.
It goes back to the seminal works by Hersh!? and Kreiss,'* and it is
based on a normal modes analysis. However, despite its undoubted
strength, it suffered because of its technicality, which explains why
the energy method mentioned earlier has been preferred. Some at-
tempts were made to popularize Kreiss’s method (see, for instance,
the review paper, Ref. 15). However, few pratical applications were
reported. (The work announced in Ref. 4 by Oliger and Sundstrom
never appeared.)

Surprisingly, a more complicated, but related, problem, namely,
the stability of shock waves, was considered much more frequently.
The derivationof a necessary (althoughnot sufficient) stability con-
dition by means of a normal modes analysis was performed by
several authors a long time ago.!®~!® On this basis, the analysis was
later refined by Majda'®~2! and Blokhin,??** independently,who in-
vestigated whether the (generalized) Kreiss’s condition is satisfied
and proved the nonlinear stability of shocks that meet this condi-
tion. Stability of shocks s still a very active field in Blokhin’s work,
concerning shocks in more complicated hyperbolic systems: mag-
netohydrodynamics,relativistic dynamics, etc.

As far as we are concerned, there are basically three reasons why
we have chosen to advocate Kreiss’s method. The first reasonis that
the well-posedconditionderived this way is known to be optimal. In
particular,the energy method yieldsa more restrictiveconditionthan
Kreiss’s one: A gap between these two conditions can be noticed
in electromagnetism (see Ref. 24, p. 627, for instance). The second
reason is that Kreiss’s method is not as intricate as it may appear
at first glance. We are going to dissect it in the context of Euler
equations and show thatits ingredients are just natural extensionsto
complex argumentsof well-knowningredients(namely, eigenvalues
and eigenvectors). Alternatively, the basic idea consists of looking
at the standard dispersion relation the other way a round. The third
reason is that technicality is no longer a problem with the help of
symbolic calculation software. We provide here an adaptable tool,
based on symbolic calculus, that reduces the verification of a well-
posedconditionto searching for zeros of a second-orderpolynomial
(depending on two parameters, a frequency and a wave vector).

In Sec. II, we review the theoretical details of the normal modes
analysis, first for noncharacteristic boundaries and then for slip-
wall boundaries. The problem of domains with cornersis briefly ad-
dressed. However, this case cannotbe treated by the formal program.
In Sec. 111, we detail the operations of the program and show how to
handle the results. Section IV is devoted to a series of examples that
illustrate the different possible behaviors of boundary conditions.

II. Kireiss’s Condition for Euler Equations

A. Background

Overall our analysisis concerned with the Euler equations for an
ideal polytropicgas, linearizedaboutareferencestate (o, v, p). No-
tations are the standard ones: p is density, v velocity, and p static
pressure. These are the most convenient variables for ideal poly-
tropic gases, but other ones may be chosen if more complex models
are preferred: One can choose, for instance, (p, v, €), with e being
the specific internal energy, or (p, v, s), with s being the specific
entropy. The reference state is intended to be the one achieved by the
fluid at a fixed point of the boundary at a fixed time. We disregard
whathappenselsewhere. Linearizationamounts to decomposing so-
lutions of Euler equationsinto (p 4+ p, v + v, p + p) and retaining
only the first-order terms with respect to the perturbation (p, v, p).
This yields the linear system of acoustics:

o+ -V)p+pV-0=0, v+ -VYo+p'Vp=0
ap+@-V)p+ypV-v=0 (D

where y is the adiabaticratio of the gas. When performing a Fourier
transform in x on system (1), we get the differential system

a(” 2
—_ 9 i A s =0
” v +iA(&) v

p p

where the matrix A(£), depending on wave vectors £ € R? (d is the
dimension of the flow) reads

v-€ 73 0
v-£ 0
. 1
AOE] o -
© p&
0 v-£
0 923 v-§

Important features of the matrix A(£) are the following:
1) It has real eigenvalues, namely,

def def

def
M =v-E—clél, A =v-§ Ay =v-E+cléll
where ¢ & J/(yp/p) is the sound speed,
2) It becomes symmetric when multiplied on the left by the sym-
metric positive-definite matrix

c? 0 -1
0| p? 0| o
R ' :
0| o 02 o
—1 0 2¢7?

In particular, A(§) is endowed with a complete set of eigenvectors.
They read as follows. The eigenvalues A; and A; are simple, with
left and right eigenvectors given by

el
()\j —v- 6§
yrlEIP

for j = 1 or 3. Here, we have intentionallykept the terms (A; — v - &)
in this form, even though they could be replaced by £c||£||. This is
to facilitate the subsequent extension procedure to complex values
of €.

The eigenvalue A, is of multiplicity d. Independent families of
left and right eigenvectors are given by

=00 oy —v-0& €17, r =

1

Kg =(=c> 0 1), rg =10

0

0
k

=10 " o). rp=|¢

0

fork=1,...,d— 1, where the vectors Ck by definition span the

(d — 1)-dimensional vector space orthogonal to €. For instance, if
d=2and £ = (&, &), we set

¢ = (—&)
RN

When d =3, the vectors ¢, are defined locally by similar formulas.

When dealing with a boundary value problem, we must consider
two kinds of waves: those propagatingacross the boundary (the only
ones occurringin one space dimension) and those propagatingalong
the boundary. We shall refer to the former as normal waves and to
the latter as tangential waves. In the sequence, we assume that the
normal direction to the boundary is well defined. (This precludes
points on edges and corners, which are much more complicated to
deal with, see Sec. II.LE.) To fix the ideas, we assume this normal
direction to be the last coordinate axis. This is not a restriction, due
to the isotropy of Euler equations.
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Notations are as follows. For all positions x and velocities v,
we denote by x and v their normal components, respectively. Their
tangential components will be denoted by y and u, respectively:
that is, y =x; and u = v, in the case d =2, and y = (x;, x,) and
u = (v, vy) in the case d = 3. Similarly, we will decompose wave
vectors £ into (17, §) with 7 a (d — 1)-dimensional vector and & a
scalar.

We choose the space orientation in such a way that the interior
of the domain lies in x > (. Solutions of interest of Eq. (1) in the
subsequent normal modes analysis are those of the form

p(t,y, x) o
o, y,x) | =ee" Ve | v 2)
pt,y, x) p

where t is a complex frequency of positive real part, 1 is a real
tangential wave vector, and w is a complex wave number of non-
positive real part. If such exploding modes (in time) are solutions
of the initial boundary value problem, then this problem is clearly
ill posed. Kreiss’s analysis'* is more subtle though. In particular,
bounded modes of the form (2) with T purely imaginary are also to
be considered. We shall specify the concrete way of dealing with
this case in Sec. ILB.

Observe that an algebraic condition for the interior system (1) to
have solutions of the form (2) is that the matrix t/ +iA(n, w/i)
be singular, that is, noninvertible. Note that if this occurs for w
purely imaginary, then 7 is necessarily purely imaginary because
the eigenvalues of A(£) are known to be real for £ = (n, &) real.

We are led to consider the characteristic matrix, not only for real
vectors &, but also for vectors £, of which the last component &
is complex. Let us go a little bit further. As a consequence of the
preceding remark, the roots w of the dispersion relation

det[t] +iA(m, »/i)] =0 3)

are not allowed to cross the imaginary axis when Re 7 > 0 and 7 is
real. Indeed, if w € iR satisfies Eq. (3) forRe 7 >0 and n e R* ",
then 7 is an eigenvalue of the matrix i A(n, w/i), and we already
know that this matrix has purelyimaginaryeigenvalues.This leadsto
a contradictionbecause Re v > 0. This argumentimplies, in partic-
ular, that the number of roots w of negative real part does not depend
on 7 for Re v > 0. And this number, for example, g, is easy to de-
termine for 1 =0, that is, for the corresponding one-dimensional
problem. As a matter of fact, Eq. (3) is equivalentfor n =0 to

T =—wk;(0,1)

forsome j =1, 2, or3 [where the A ; are the eigenvaluesof the char-
acteristic matrix A(£), taken at £ = (0, 1)]. Therefore, g is nothing
but the number of positive eigenvalues of A(0, 1), thatis, the num-
ber of incoming characteristics. Note that characteristics and the
associated roots w are counted with multiplicity (this means that A,
counts for d). These considerations are to be kept in mind in the
following.

B. Normal Modes Analysis
In general,boundarydata prescribe a certain number of nonlinear
combinations of the primitive variables on the boundary. A first
step in the theory of well-posed boundary conditions, as well as
in practical implementation, consists of linearizing these boundary
conditions about a reference state. A well-known prerequisite is
that the number of such conditions be the number g of incoming
characteristics (see Ref. 5, etc.). It will appear in the following that
this is very reasonable, although not sufficient.
From now on, we considera set of linearizedboundary conditions
in the form of a rectangular system
p
Blvo]=0 “
p
where B isag x (d + 2) matrix of rank g. A necessary condition for
well-posedness is that there are no solutions to Eq. (1) of the form
(2), other than zero, that meet the boundary conditions in Eq. (4).
Because there are exactly ¢ degrees of freedom in the solutions of

the form (2) (according to the discussionin Sec. II.A), this amounts
to requiring that some (g x g) determinant, denoted by A(z, 1),
does not vanish for Re t >0 and n real. Such a condition was
first formalized by Hersh.!* It was later pointed out by Kreiss'
that it is not sufficient yet to ensure a well-posed problem. The
suitable condition, known as the uniform Kreiss condition, requires
that A(z, ) does not vanish even for t purely imaginary [exceptat
(r,m) = (0, 0)]. Note that, in this criterion, the definition of A(z, 17)
for T € iR is rather subtle. When 7 € iR, some of the roots w of the
dispersionrelation (3) are purely imaginary and can not be selected
according to the sign of their real parts. More precisely, the purely
imaginary roots of interest in the definition of A(t, ) are those
that are the continuous extension up to Re 7 =0 of roots w that are
of negative real part when Re t > 0. This will be discussed in the
sequel.

The subtlety of Kreiss’s method mainly lies in two points:
1) considering the dispersion relation (3) for complex values of t
and w with Re 7 > 0 and afterward going back to purely imaginary
values of 7 (the usual case when considering characteristics) and
2) viewing the solutions of Eq. (3) as giving w in terms of (z, 1)
instead of t in terms of (1, w). This makes a big difference, point-
ing out the existence of branching points on the set of solutions
(r,m, w) of Eq. (3). When the solutions w of Eq. (3) are seen as the
eigenvaluesof the matrix

d—1
—A;‘<11+i2njAj>

j=1

those branching points correspond to values of (7, 1) such that the
preceding matrix admits eigenvalues w of algebraic multiplicity
greater than their geometric multiplicity. The choice of appropri-
ate branches in the computation of A is an important part of the
subsequentjob. We are going to explainin more detail how it works.

The dispersionrelation (3) is easily seen to be equivalentto either

t+in-utvw=0 &)
or
(t+in-u+vw)’ =@ —nl* (6)

[Note that, replacing w by i& and T by —i X, we recover the charac-
teristic relations A =v - € or (A — v - £)2 = ¢?||€||*.] For simplicity,
we shall use the notation

~ def .
T=71+Iin-u

(NotethatRe T > Oisequivalentto Re 7 > 0.) The linearequation(5)
is very easy to deal with. Provided that v is nonzero, the only root
is just w = w,, where

wo = —F /v (7)
The second-orderequation (6) is also rather easy to deal with when
7 is not purely imaginary. In this case, we already know (from the
discussion in Sec. II.A) that the solutions w of Eq. (6) cannot be
purely imaginary. Hence, the number of solutions of negative real
part can be determined at 7 = 0. However, for np =0, the solutions
of Eq. (6) are explicitly given by

w=—[t/(v£0)]

In particular, we see that, in the subsonic case, that is, [v| < ¢, there
is exactly one root of negative real part w_. However, for T purely
imaginary and 72 < (v* — ¢?)|n||*, Eq. (6) has two purely imagi-
nary solutions, w_ and w, . Which one should be retained for the
definition of A? The answer is given by a complex analysis argu-
ment, namely, by the Cauchy—Riemann relations. Because the roots
 we are interested in are of negative real part when 7 is of positive
real part and are purely imaginary when 7 is purely imaginary, their
imaginary parts must be decreasing as the imaginary part of 7 in-
creases. This argument follows from the Cauchy—Riemann relation

oRe w olm w

dRe 7 dIm7
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This criterion provides a way to define univalued functions w_ in
terms of (t, n7) up to the imaginary axis (except at special points
where, precisely, 72 = (v* — ¢?) ||n||%; see Sec. III). Note that w_
and w, are not symmetric with respect to the imaginary axis.

C. Noncharacteristic Boundaries and Nonsonic Flows

There are four intrinsic cases, which can be ordered by increasing
difficulty. This classificationis, of course, independentof our choice
of the space orientation, even though we use this choice to fix the
ideas.

According to the domain {x > 0}, inflows and outflows are se-
lected through the sign of v as follows. Inflow correspondsto v > 0
and outflow to v < 0.

1. Supersonic Outflow

All characteristics are outgoing. As a matter of fact, supersonic
outflow corresponds with our choice to —v > ¢ > 0. In this case, all
eigenvalues of A(0, 1) are negative, that is, all characteristics are
outgoing of the domain {x > 0}. No boundary conditionis required.
There is nothing to check. We do not claim that numerical treatment
is easy, but it must not rely on any boundary data.

2. Supersonic Inflow

All characteristicsare incoming. Thisis becausev > ¢ > 0 implies
that all eigenvalues of A(0, 1) are positive. Hence, the boundary
matrix B must be a square invertible matrix. The invertibility of B
is the only thing to check. It should be enough to make the numerical
treatment work (entirely relying on boundary data).

3. Subsonic Outflow

Only one characteristicis incoming. This is because, for 0 < —v
< ¢, the only positive eigenvalue of A(0, 1) is A5(0, 1). Thus, there
is only one boundary condition to impose. In other words, B must
be a (nonzero) row matrix. It must not cancel the eigenmode corre-
sponding to the unique solution w_ of Eq. (6) of negative real part.
This eigenmode is necessarily proportional to the right eigenvector
of A(n, w_/i), defined by

p(llnl? — »?)
(it —u-n+ivw_)n
(t+iu-n+vw-)o-

L yp(Inl? - »?) J

rom) E rnm o /i) =

Using Eq. (6), we have

—o(T+ va)_)/c2

in

r-(z.m// 8)

L —,0(;)-}j vw_) J

The “determinant” A is just obtained by taking the productof B and
r_.

4. Subsonic Inflow

There are (d + 1) incoming characteristics (counting with mul-
tiplicity). This is the more complicated case, where 0 < v < ¢ and,
thus, ¢ =d + 1. (Recall that A, counts for d.) The eigenmodes of
the form (2) to be taken into account are those correspondingto the
unique solution w_ of Eq. (6) of negativereal part and those corre-
sponding to wy. Specifically, B must not vanish on the (d +1)-
dimensional subspace spanned by r3(n, w_/i) and rf(n, wy/ i),
k=0, ...,d — 1. Note that this subspace is not the orthogonal sub-
space to some vector ¢; because the arguments in r; and r5 are
different. However, we can remark that

span{ry (n, wo/1), ... 14~ (. w0/ 1), r3(n, w_/i)} = €_ (1, m)*

where

wyw_ — IInIIZ}

def
L_(t,m) =0 in —
(@m |: @ o (T +vw_)

Using Egs. (6) and (7), we note that £_ also reads

T TH+vo. o_
pc? pv

Z_(r,n)=<0 in -
v

The main feature of £_ that will be usefulis thatw_ appearslinearly.
Once we have £_, an easy (although not optimal) way to define A
is to consider the (d + 2) x (d +2) determinant

0, 17)‘
An alternative definition of A(z, 1) is

Bri~'(n, wo/i) Bry(n, w_/i)|

AT, m) =‘

Az, m) =|Bri(m, wo/i)

However, though this latter expressionis only a (d +1) x (d + 1)
determinant, it involves more complicated expressionsthan the pre-
ceding one, and we have preferred the first definition of A to treat
this case.

D. Slip Walls

The case of slip walls falls into characteristic boundaries. From
a theoretical point of view, this is a more difficult case, which was
first addressed in some generality by Majda and Osher.?* Anterior
works (for instance, Refs. 9 and 10) had dealt with examples of
characteristic boundaries, motivated by physical examples, by the
energy method.

Assume that the boundary {x = 0} is a rigid slip wall or, in other
words, that the normal component of the velocity vanishes at the
boundary. This physical constraint reads, in our notations, v =0,
and naturally yields one linear(ized) boundary condition

v=0 9)

Following Majda and Osher’s** approach, we are going to see that
no other condition should be specified on the boundary.
First, we note that, because v =0, all vectors of the form

S O =D

belong to the kernel of the normal matrix A(0, 1). Furthermore,
according to Ref. 24, it is necessary that B annihilates such vectors
to ensure a well-posed condition. (Thus, B can be at most of rank 2.)

Furthermore, the only eigenmode to be considered is associated
with w_, the unique solution of Eq. (6) of negative real part. Hence,
B must be a row matrix. Logically, in view of Eq. (9), we just take
B=(0,0,1,0).

Therefore, we simply define

A(T,n) =w_(T,n)

[applying B to the right-hand side in Eq. (8)].

Thus, the questionis whether w_ vanishes. This is obviously not
the case for Re t > 0. However, we clearly have w_(t, ) =0 for
T ==ic||n||. In other words, the bounded modes

+iplnl/c
—in
0
ipc|n

expli(£clnlit +m - y)]

form boundary waves propagatingat speed c: They are solutions of
Eq. (1) of the form (2) and satisfy the boundary condition (9).
Although the (uniform) Kreiss’s condition fails in this case, it has
beenshownin Ref. 25 that the initial boundary value problemis well
posedin a weaker sense. However, special attention should be paid
to the numerical treatment of this boundary condition because the
failure of a uniform well-posed conditionmay give rise to numerical
instabilities. Different boundary schemes can be found in Refs. 6
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boundary
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non admissible velocity field

admissible velocity field
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Fig.1 Admissible/nonadmissible velocities in space dimension two for

Osher’s theory.2%:3

Boundary

Exterior

inflow
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space domain
outflow

\‘_'/__’
\’/—)

slip boundary

Fig.2 Nonadmissible domain in space dimension three.

and 26. Even though stability results have been proved for one-
dimensional problems in several cases,”*”*® convergence remains
empirical. (See Refs. 2, 3, and 6 for a nice discussion of this topic.)
Possible numerical treatments are proposed in Ref. 26 for multidi-
mensional problems. (References for other types of problems, such
as reactive flows or magnetohydrodynamics can be found therein.)

E. Edges and Corners

Problems due to lack of smoothness of the boundary were ad-
dressed by Osher.?** He pointed out that a well-posed condition
on each side of a wedge does not ensure a well-posed nature of the
overall problem. Examples of undesirable phenomenain dimension
two (nonuniqueness, singularities) are reported in Ref. 30. How-
ever, Osher’s work?® is a tough piece of mathematical analysis. It
is hardly applicable as a “black box.” Furthermore, it suffers from
at least two drawbacks:

1) It cannot deal with all possible mean flows. This is specified
in Fig. 1. (Mean flow velocities are called “nonadmissible” when
Osher’s work?-* cannot apply; other velocities are called “admis-
sible.”)

2) It does not include the physical case of characteristic bound-
aries, for instance, the motion of a fluid in a tube with slip boundaries
(Fig. 2). This common situationin fluid dynamics gathers almostall
difficulties encountered in the study of mixed problems. We refer
the reader to Ref. 31 for recent results on this problem.

In a more general setting, the analysis of initial boundary value
problemsis much more complicated than the analysis of initial value
problems (also called Cauchy problems), partly because the space—
time domain of study presentsa corner. When the space domain also
presents a corner, many compatibility conditions are required, and
this is beyond the scope of this paper.

III. Systematic Testing
A. General Framework
Ready-made routines in Maple are available at URL:
http:/www.umpa.ens-lyon.fr/jfcoulom/. There, the user can
choose the space dimension (d =1, 2, or 3), the type of bound-
ary (inflow or outflow), and the regime of the fluid (subsonic or
supersonic). Depending on these choices, the appropriate number

of boundaryconditionsis returned. Then boundaryconditionscanbe
entered as nonlinear combinations of the variables (p, v, p). They
are subsequently linearized by symbolic calculation. The program
can not deal with absorbing boundary conditions. For recent results
on this alternative approach, we refer the reader to Refs. 32 and 33,
for instance.

Recalling the four cases from Sec. I1.C, we see that the most com-
plicated testings occur for subsonic flows. For supersonic inflows,
symbolic calculation may just help to check that the chosen bound-
ary conditions are independent, that is, that B is invertible. From
now on, we concentrate on subsonic flows.

B. Handling the Output for Subsonic Flows
One-dimensional problems are almost straightforwardto decide,
relying on justone point testing. For n =0, wy, and @_ are homoge-
neousof degree onein 7. Hence, it is sufficient to check that A(1, 0)
is nonzero to ensure that the uniform Kreiss’s conditionis fulfilled.
Note that otherwise Kreiss’s condition merely fails.
Forn # 0, one canreduce the problemby using the new quantities
Vi=t/ilnll,

n:=mn/lnl, Qo = wy/ 1]l

Q= w_/ilnl

The first one is homogeneousto a velocity and the others are nondi-
mensional. Observe that V has nonpositive imaginary part and that
Qo and 2_ have nonnegativeimaginary partin the range considered.
For d =2, we justletn = 1 (noting that the case n = —1 is obtained
by conjugation). For three-dimensional problems, n is a unit vector
in R?, which we parametrize by an angle 6.

In view of Egs. (6) and (7) we have

Qo=—(V+n-u/v (10
VHn-u+vQ ) =c(Q +1) (11)
with Im Q_ >0 for Im V <0. If V is real, that is, if t is purely

imaginary, and V2 > (c? — v?), the expression of _ is explicitly
given by the argument given in Sec. I1.B. We have

vV — sgn(V)cy/ V2 — (2 —v?)

Q= (12)

2 — U2

with V=V +n-u. Otherwise, Q_ still has a positive imaginary

part and is given by
Q — vV ticy/(c? —v?) — V2 (13)

2 — U2

‘We can use the following vectors to define a reduced determinant
D(V) proportionalto A(t, 7). Defining

V+va)/e
R(V) ™ —n/p
—Q_/p
V +vQ_
of V o V4uQ Q.
L) (0 woo— LI —>
v pc pv

we see that

R_(V) [/ r—(@VInll, m). L_(V)//-@Vinl.m

withr_ and £_ defined as in Sec. II.C. Therefore, suitable definitions
for D(V)=A(@V|nl, n) are either

def

D(V) £ BR_(V)

for subsonic outflows, or

def

D(V) =

B
L_(V)
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for subsonic inflows. In both cases, because €2_ appears linearly in
R_ and L_, we observe that D(V) =0 amounts to a linear relation
in Q_ of the form

a(VYQ_ =b(V)

with the additional properties that a(V') and b(V) are affine in \7,
with real coefficients.

A special case arises if a and b vanish simultaneously. (An ex-
ample is given in Sec. IV.) We emphasize that this is the only case
when the uniform Kreiss condition may fail with 2_ being nonreal.
Otherwise, if a(V)#0 then Q_=b(V)/a(V) is necessarily real
for V real. In other words, the case a(V)=>5b(V) =0 is the only
one for which surface waves, that is, oscillating modes of the form
(2) localized near the boundary (with Re w < 0 and 7 purely imag-
inary) may occur. The mathematical study of such problems where
surface waves occur is not yet much developed. Some results may
be found in Ref. 34.

Let us assume now that a(V') # 0 and define

def

Q. (V) =b(V)/a(V)

Substituting 2_ = Q,(V) in Eq. (11) yields a second-orderequation
for V, for example, P(V) = 0. Observe that the (at most) second-
order polynomial P has real coefficients that can be derived by an
appropriate symbolic calculation routine. Now, several cases may
arise that can be tested numerically.

1) Either of the roots of P are nonreal. Then, one and only one
of them, for example, Vp, is of negative imaginary part and, thus, is
a candidate for unstable mode. If ©2,(V}) is of positive imaginary
part, then it coincides with _(V}), defined by Eq. (11), and Im
Q_ > 0. Thus, we do have D(V,) =0. This means that Kreiss’s
condition fails at point V;. Otherwise the uniform Kreiss condition
is satisfied. (D cannot vanish for real V'.)

2) Another case is where P has real roots, for example, V|
and V,. Then D does not vanish for Im V <0. This means that
Kreiss’s condition is satisfied. We need to check whether the uni-
form Kreiss condition holds. For €_(V;) to be real, we must have
(V; +n-u)? > ¢ —v* If this condition fails for both j =1 and 2,
then the determinant D does not vanish for V real. Thus, the uniform
Kreiss condition is satisfied. Otherwise, if (V; +n-u)? > ¢? —v?,
we must determine whether Q_ (V) [givenby Eq. (12)] is equal to
Q,(V;). It can happen that £, (V;) is the other root of Eq. (11). If
Q. (V;) =Q_(V;), there exist boundary waves of speed V;. If not,
the uniform Kreiss condition is satisfied.

These arguments are summarized in Fig. 3.

Input of boundary conditions

]

1-d testing multi-d testing

T

no dependence on dependence on
the eigenmode the eigenmode

KO+SW |
derivation of
the polynomial P

\

two real roots

KC+BW

unique root of
negative
imaginary part

KC+BW UKC
UKC VKC

Fig.3 Testing progress: KC, Kreiss’s condition; BW, boundary waves;
SW, surface waves; UKC, uniform Kreiss’s condition; and VKC, vio-
lated Kreiss’s condition.

For three-dimensionalproblems, the computationscannotalways
be carried to their end because of the dependenceon the angle 6. A
critical situationappears when the discriminantof P, which depends
only on 6 once numerical values are given, may change sign. In
such a case, one has to distinguish between different cases. If the
calculations turn out to be too cumbersome, one can always check
the energy dissipation of boundary conditions. By definition, this
requires that the symmetric matrix

ve? 0 0 0 —v
0 p» 0 0 0
sa0, D=0 0o v 0o 0
0 0 0 p%v 0
—-v 0 0 o 2uc?

be negative when restricted to the kernel of B, namely,
VX e kerB, X # 0, X'SA0, DX <0

This is sometimes easier to check and implies the uniform Kreiss
condition, as was already mentioned (see Ref. 35, Chapter 14).

IV. Examples of Boundary Conditions
We keep focusing on subsonic flows.

A. Out of Question Boundary Data
1. Subsonic Outflows

Looking at r_(1, 0), we see that choosing a boundary condition
only in terms of the tangential velocity would yield an ill-posed
condition.

2. Subsonic Inflows

Because the first component of £_(t, i) is zero, if the first col-
umn of B is also zero, then A(t, ) =0 for all T and . Kreiss’s
condition fails even in dimension one. This means that prescribing
velocity and pressure leads to a violently ill-posed problem. (This
had already been pointed out in Ref. 12.) The density of the fluid
must be involved in the quantities prescribed on the entry.

B. Good Boundary Data in Dimension One

For subsonic outflows, one may prescribe, indifferently, density,
velocity, or pressure.

For a subsonic inflow, here are two examples that fully work in
dimension one only. One may prescribe either of the following:

1) Pressure and temperature may be prescribed, which give

( 0 0 1)
B:
-p/p* 0 1/p

2) Velocity and temperature may be prescribed instead, which

give
0 1 0
B = )
—-p/p= 0 1/p

C. Poor Boundary Data in Dimension Two

Let us try to extend the two preceding examples for subsonic
inflows to dimension two.

For instance,one may prescribe tangential velocity, pressure,and
temperature, which correspond to

0 10 0
B = 0 00 1
-p/p* 0 0 1/p

We find that D(V') is proportional to (V + u), that is, \7, which
does not vanish if V has a negative imaginary part. Kreiss’s condi-
tion is, therefore, fulfilled. It is also obvious that this determinant
vanishesfor V = —u, thatis, for V =0. The correspondingreduced
eigenmodes, of nonnegative imaginary part, are given by Eqs. (10)

and (13) and have values
Q= ic/\/ c? —?

This corresponds to boundary waves propagating at speed |u].

Q(J:O,
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One may attempt to prescribe the whole velocity and temperature,
thus generalizing example 2. This means taking

0 10 0
B=| o o1 o
-p/p* 0 0 1/p

With the notations introduced in Sec. III, we find that

a(V)y=V +u, b(V)y=v

which yields
PV)y=(V+u?+*-¢

We see that P has real roots. We are in the case when Kreiss’s
condition is satisfied but there are boundary waves propagating at
speed |—u £ /(c? — v?)|.

D. Good Boundary Data in Dimension Two
For a subsonic outflow, prescribing the pressure works perfectly
well. With the notations of Sec. III, we find that

a(V) = —v, b(V)yY=V+u

P(V)y=V>+2uV +u*+0v*=0

The roots of P are nonreal and Im 2, (V) < 0. Therefore, the uni-
form Kreiss condition is satisfied.
The same result holds if density is preferred to pressure.

E. Dissipative Boundary Data in Dimension Three

We consider a subsonic inflow where the quantities prescribed at
the boundary are the total pressure, the total temperature, and the
flow angles:

p{I+[(y =1D)/21(lvl* e} 7=, T+|vl?/2c,, v/ |

where T is temperature and ¢, is the heat capacity per unit of mass.
Once linearized, these boundary conditions yield a matrix B, of
which the kernel is the one-dimensional subspace spanned by the
vector

(-rolol/e
Xy = v
—plvl?

An easy computation shows that
X;,SA0, DXy = —p*vlvll*(1 = Jvl*/c*) < 0

This automatically implies the uniform Kreiss condition.

For subsonic outflows, it is obvious that pressure is a dissipative
boundary condition because the upper left (d 4+ 1) x (d 4 1) block
in SA(0, 1) is diagonal with negative coefficients (v < 0).

V. Conclusions

The problem of boundary conditions for acoustic systems has
been addressed with a new approach: The formal programdescribed
in this paper makes it possible to check a uniform well-posed con-
dition for arbitrary boundary conditions once the regime of the fluid
(dimension of the flow, subsonic or supersonic flow) has been cho-
sen. This program gives a selection criterion of boundary conditions
that may be useful to scientists or engineers willing to simulate un-
steady flows in domains with a more or less complex geometry.
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